Sparsity of curves and additive and multiplicative expansion of rational
  maps over finite fields by Mérai, László & Shparlinski, Igor E.
ar
X
iv
:1
80
3.
02
16
5v
1 
 [m
ath
.N
T]
  6
 M
ar 
20
18
SPARSITY OF CURVES AND ADDITIVE AND
MULTIPLICATIVE EXPANSION OF RATIONAL MAPS
OVER FINITE FIELDS
LA´SZLO´ ME´RAI AND IGOR E. SHPARLINSKI
Abstract. For a prime p and a polynomial F pX,Y q over a finite
field Fp of p elements, we give upper bounds on the number of
solutions
F px, yq “ 0, x P A, y P B,
whereA and B are very small intervals or subgroups. These bounds
can be considered as positive characteristic analogues of the result
of Bombieri and Pila (1989) on sparsity of integral points on curves.
As an application we prove that distinct consecutive elements in
sequences generated compositions of several rational functions are
not contained in any short intervals or small subgroups.
1. Introduction
1.1. Background. We study some geometric properties of polynomial
maps in finite fields. In particular, we continue investigating the in-
troduced in [11] question of expansion of dynamical systems generated
by polynomial and rational function maps in positive characteristic,
see [5–9,14–18,20] and the reference therein for recent results, methods
and applications. Here we consider both additive and multiplicative
expansion, and also study more general compositions of several maps.
This is based on new results of sparsity of rational points on algebraic
curves over finite fields, which can be considered as an analogue of the
celebrated result of Bombieri and Pila [2, Theorem 4] on sparsity of
integral points on curves in characteristic zero.
Let p be a prime number and let Fp be the finite field of p elements,
represented by the integers t0, 1, . . . p ´ 1u. For a polynomial F P
FprX, Y s and sets A,B Ă Fp write
NF pA,Bq “ #tpa, bq P Aˆ B : F pa, bq “ 0u.
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Our goal is to give bounds on NF pA,Bq for some interesting sets
such as intervals or subgroups and in particular, improve the trivial
bound
NF pA,Bq “ O pmint#A,#Buq .
We are especially interested in the case of the sets of small cardinalities
#A and #B, more specifically in the cases where traditional methods
coming from algebraic geometry do not work anymore.
If both A and B are intervals of length H and F pX, Y q is absolutely
irreducible, then it is known from the Bombieri bound [1] that
NF pA,Bq “ H
2
p
`Opp1{2plog pq2q,
where the implied constant depends only on deg F , see [12]. The main
term dominates the error term ifH ě p3{2 log p and forH ď p1{2plog pq2
the result becomes weaker than the trivial upper bound NF pA,Bq “
OpHq. For smaller H and for polynomials F having a special form, this
question have been studied intensively in the literature, see [5–9,16,20]
and the reference therein. For example, when F defines a modular
hyperbola, F pX, Y q “ X ¨Y ´ c for some c ‰ 0, the problem is studied
by Cilleruelo and Garaev [7], see also [20], for general quadratic forms.
If F defines the graph of a polynomial F pX, Y q “ Y ´ fpXq or an
hyperelliptic curve F pX, Y q “ Y 2´ fpXq, the problem was studied by
Cilleruelo, Garaev, Ostafe and Shparlinski [8] and by Chang, Cilleruelo,
Garaev, Herna´ndez, Shparlinski, Zumalaca´rregui [6]. Finally, Chang [5]
considered the function of the form F pX, Y q “ fpXq ´ gpY q.
Here we consider the general case of arbitrary bivariate polynomials
F pX, Y q. Althought some of our techniques have already been used,
the main novelty of this paper is in investigating the conditions under
which these ideas apply and also in exploiting the possible sparsity of
the polynomial F , see the definition of δpF q below. We also give new
application to the dynamics of polynomial semigroups.
1.2. Notation. In order to state the result we denote by δpF q the
number of distinct divisors of the monomial terms of
F pX, Y q “
ÿ
pi,jqPF
Fi,jX
iY j
where F is the support of the coefficients of F , that is, Fi,j ‰ 0 if and
only if pi, jq P F . Alternatively
δpF q “ #tpk, ℓq : 0 ď k ď i, 0 ď ℓ ď j for some pi, jq P Fu.
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Clearly, we have the following trivial bound
δpF q ď
ˆ
degF ` 1
2
˙
,
which is attained for dense polynomials. However for sparse polynomi-
als it can be significantly smaller; for example δpXn`Y n`XY q “ 2n`2
for any n ě 1.
As usual, we use degX F and degY F for the local degrees of F with
respect to X and Y , respectively.
We recall that the notations U “ OpV q, U ! V and V " U are all
equivalent to the statement that the inequality |U | ď cV holds with
some absolute constant c ą 0. We also write U !d V or U !d,ν V if
the implied constants may depend on d or on d and ν.
1.3. Main results. We start with the case of intervals
Theorem 1.1. Let F pX, Y q P FprX, Y s be an absolutely irreducible
polynomial of degree d ě 2 with δ “ δpF q. Then for any positive
integer
H ď p1{ppd´1{2qδ`1{2q,
uniformly over arbitrary intervals I “ rK,K`Hs and J “ rL, L`Hs,
we have
NF pI,J q ď H1{d`op1q.
For a rational function ψpXq “ fpXq{gpXq with fpXq, gpXq P FprXs
and for a set A Ă Fp write
ψpAq “ tψpxq : x P A, gpxq ‰ 0u.
Applying the result to F pX, Y q “ fpXq´Y gpXq with δpF q ď 2 degF`
2, we have the following bound on values of the rational function ψpXq
in small intervals.
Corollary 1.2. Let ψpXq P FppXq be a rational function of degree
d ě 2. Then for any positive integer
H ď p1{p2d2`d´1{2q,
uniformly over arbitrary intervals I “ rK,K`Hs and J “ rL, L`Hs,
we have
#pψpIq X J q ď H1{d`op1q.
Here we also consider the case, when A or B is a subgroup. We
recall that for subgroups G,H Ă F˚p , Corvaja and Zannier [10] haven
give a nontrivial on NF pG,Hq. Using their result we obtain a bound
on NF pI,Gq with an interval I and a subgroup G. It extends the result
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of Karpinski, Me´rai and Shparlinski [15] who bound NF pI,Gq with
F pX, Y q “ fpXq ´ Y gpXq, see also [11, 14, 17, 18].
Theorem 1.3. Let F pX, Y q P FprX, Y s be a polynomial of total degree
d and local degrees dX , dY ě 1 such that F pX, Y nq is irreducible for
all n ě 1. Then for any interval I “ r1, Hs of length H ă p and any
subgroup G Ă F˚p of order e, we have
NF pI,Gq ! d1{2X H1{2maxtdep´1{2, d2{3e1{3, d1{2X d2Y u.
1.4. Applications. As an application of these results we study the
geometric properties of the orbits of a transformation x ÞÑ ψpxq asso-
ciated with a rational function ψpXq P FppXq, which have also being
studied in [3,4,8,13]. In fact we consider a much more general scenarios
of semigroups generated by a system
Ψ “ pψ1, . . . , ψsq P FppXqs
of s rational functions.
More precisely, for u P Fp, we call any sequence
(1.1) u0 “ u, un`1 “ ψjnpunq, n “ 0, 1, . . . ,
with arbitrary jn P t1, . . . , su a path originating from u. Let ΠΨ,u be
the set of possible paths originating from u. We denote by TΨ,u the
largest positive integer T for which in any path tunu P ΠΨ,u the first T
elements are pairwise distinct. Clearly if s “ 1 then TΨ,u is the total
length of the pre-periodic and periodic parts of the orbit of u in the
dynamical system generated by Ψ.
Given u P Fp, we consider the sequence punq as a dynamical system
on Fp and study how far it propagates in N steps or how large is the
group the first N elements generate along its paths. In fact, we study
more generals quantities
LΨ,upNq “ min
tunuPΠΨ,u
min
vPFp
max
0ďnďN
|un ´ v|
and
GΨ,upNq “ min
tunuPΠΨ,u
min
vPF˚p
#xvun : n “ 0, . . . , Ny.
Previously these quantities have been studied only for s “ 1, here
we show that our methods work as well for an arbitrary s.
It has been shown by Gutierrez and Shparlinski [13], in the case of
one function, that is, for Ψ “ pψq, that
LΨ,upNq “ p1`op1q
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provided that N ě p1{2`ε for some fixed ε ą 0. Moreover, for linear
fractional function ψpXq “ paX ` bq{pcX ` dq with ad ‰ bc and c ‰ 0
they obtain nontrivial result for shorter orbit, namely
LΨ,u " N1`δ
provided N ď mintTΨ,u, p1´εu. In the case of one polynomial, Cilleru-
elo, Garaev, Ostafe and Shparlinski [8] obtain a lower bound for essen-
tially arbitrary values of N and TΨ,u.
Here, to exhibit the main ideas in the least technical way, we always
assume that the functions ψ1, . . . , ψs P FppXq are of the same degree.
Note that this condition automatically holds in the classical case of one
functions.
Theorem 1.4. Let
Ψ “ pψ1, . . . , ψsq P FppXqs
be rational functions of degree d ě 2. Then for N ď TΨ,u and any
integer ν ě 1 we have
LΨ,upNq "s,d,ν min
!
Nd
ν`op1q, p1{p2d
2ν`dν´1{2q
)
.
The group size GΨ,upNq generated by the first N elements has been
investigated [11,17,18]. For example, in [17, Theorem 1.1] it is proved
that for a polynomial fpXq P FqrXs of degree d, satisfying some mild
conditions, and for initial value u P Fq, we have for any ν ě 1 that
GΨ,upNq ě C1pν, dqN1{νq1´1{ν , for TΨ,u ě N ě C2pν, dqq1{2,
for some constants C1pν, dq, C2pν, dq which may depend only on ν and
d. Shparlinski [17] has also given a lower bound on GΨ,upNq for much
smaller N under the condition that the coefficients of the polynomial
are small. Namely, if the polynomial fpXq is defined over Z, then for
any prime p and any initial value u P Fp we have
GΨ,upNq ě
d
pN ´ 2dq log p
logppd` 2qhq , for TΨ,u ě N ě 2d,
where d is the degree and h is the height of fpXq, respectively, that is
h “ maxt|a0|, . . . , |ad|u where fpXq “ anXn ` . . .` a1X ` a0.
Here we bound GΨ,upNq for rational functions Ψ “ pψ1, . . . , ψsq P
FppXqs. If any of the rational function ψi is a power, that is ψipXq “
αXm,m P Z, then there are paths contained in small subgroup. Indeed,
if α, u P G for a small subgroup G, then the path tunu is in G with the
choice jn “ i, n “ 1, 2, . . .. However, if all the rational functions ψi are
not powers, we can give nontrivial bound on GΨ,u. Note that here we
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do not need the simplifying assumption that all functions ψ1, . . . , ψs
are of the same degree.
Theorem 1.5. Let
Ψ “ pψ1, . . . , ψsq P FppXqs
with
ψipXq ‰ αXm α P Fp, m P Z, i “ 1, . . . , s,
be rational functions of degree at most d ě 2. Then for N ď Tψ,u
GΨ,u " min
"
N1{2p1{2
ds1{2
,
N3{2
d2s3{2
*
.
2. Proof of Theorem 1.1
2.1. Preliminaries. The proof is based on the following bound of
Bombieri and Pila [2, Theorem 4].
Lemma 2.1. Let C be an absolutely irreducible curve of degree d ě 2
and H ě exppd6q. Then the number of integral points on C and inside
of a square rK,K `Hs ˆ rL, L`Hs does not exceed
H1{d expp12
a
d logH log logHq.
We recall, that a polynomial F pX, Y q P ZrX, Y s is said to be primi-
tive if the greatest common divisor of its coefficients is 1.
Lemma 2.2. Let F pX, Y q P ZrX, Y s be a primitive polynomial of de-
gree d “ deg F and let p be a prime number. Let sF pX, Y q P FprX, Y s
with F pX, Y q ” sF pX, Y q mod p. Assume, that sF pX, Y q has degree d
and is absolutely irreducible. Then F pX, Y q is absolutely irreducible.
Proof. Assume that F pX, Y q is not absolutely irreducible, that is there
is a number field K such that
F pX, Y q “ fpX, Y q ¨ gpX, Y q, fpX, Y q, gpX, Y q P KrX, Y s.
By the multivariable Gauss lemma [19] we can assume, that f, g P
OKrX, Y s with deg f, deg g ă d, where OK is the ring of integers of K.
Let p be a prime ideal in OK over p. Then OK{p is a finite extension of
Fp and sF pX, Y q ” fpX, Y q¨gpX, Y q mod p. As the degrees of fpX, Y q
and gpX, Y q modulo p are strictly less than d, we get a nontrivial
factorisation of sF pX, Y q. 
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2.2. Concluding the proof. Put N “ NF pI,J q. Replacing F pX, Y q
by F pX ´K0, Y ´ L0q for some K0, L0, we can assume that the con-
gruence
F px, yq ” 0 mod p, |x|, |y| ď H,
has at least N solutions. Covering the square r´H,Hs2 by OpNq
squares with the side length 2dH{?N and shifting the variables again,
we can also assume, that there are solutions
(2.1) px1, y1q, . . . , pxd2`1, yd2`1q, 0 ă xk, yk ď 2dH{
?
N.
We remark, that the quantity δpF q is invariant under linear changes of
variable, that is δpF pX, Y qq “ δpF pX ´K0, Y ´ L0qq.
Let ∆ be the set of multiindices pi, jq such that the coefficient of
X iY j in F pX, Y q is nonzero. By definition we have #∆ ď δ.
Write
F pX, Y q “
ÿ
pi,jqP∆
Fi,jX
iY j
and consider the linear congruence system
(2.2)
ÿ
pi,jqP∆
Fi,jx
i
ky
j
k ” 0 mod p, k “ 1, . . . , d2 ` 1,
for the coefficients Fi,j . This system determines F pX, Y q up to a con-
stant multiple. Indeed, if GpX, Y q is a polynomial of degree at most
d whose non-zero coefficients satisfy the system of congruences (2.2),
then Gpxk, ykq “ 0 for k “ 1, . . . , d2 ` 1, then
#tF pX, Y q “ GpX, Y q “ 0u ą d2.
As F pX, Y q is absolutely irreducible, by the Be´zout theorem we have
F pX, Y q | GpX, Y q. Thus the coefficient matrix of (2.2) of size pd2 `
1q ˆ δ has rank δ ´ 1 over Fp. We can assume that the first δ ´ 1 rows
are linearly independent over Fp and thus over Q.
Fix pk, ℓq P ∆ and let V P Zpδ´1qˆpδ´1q be a matrix whose columns
are indexed by the elements ∆ztpk, ℓqu and the pm,nq-th column is
Vpm,nq “
`
xm1 y
n
1 , . . . , x
m
δ´1y
n
δ´1
˘T
.
Similarly, for pi, jq ‰ pk, ℓq, let Upi, jq P Zpδ´1qˆpδ´1q be a matrix such
that its pm,nq-th column is
Upi, jqpm,nq “
"
Vr,s if pr, sq ‰ pi, jq,`´xk
1
yℓ
1
, . . . ,´xkδ´1yℓδ´1
˘T
if pr, sq “ pi, jq.
Put
(2.3) v “ det V and ui,j “ detUi,j, pi, jq ‰ pk, ℓq.
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Then v ‰ 0 and by the Cramer rule
v ¨ Fi,j ” ui,j ¨ Fk,ℓ mod p for pi, jq ‰ pk, ℓq
and by (2.1) and (2.3) we have
|v|, |ui,j| ď δ! p2dH{
?
Nqdpδ´1q.
Write
F¯ pX, Y q “
ÿ
pi,jqP∆ztpk,ℓqu
ui,jX
iY j ` vXkY ℓ P ZrX, Y s,
then the congruence F px, yq ” 0 mod p, |x|, |y| ď H , is equivalent to
the congruence
F¯ px, yq ” 0 mod p, |x|, |y| ď H.
We can write it as the diophantine equation
(2.4) sF px, yq “ pt, |x|, |y| ď H, t P Z.
All possible values t satisfies
|t| ď 1
p
¨
˝ ÿ
pi,jqP∆ztpk,ℓqu
|ui,j|H i`j ` |v|Hk`ℓ
˛
‚!d pH{?Nqdpδ´1qHd
p
!d pH{
?
Nqdpδ´1qHd
Hppd´1{2qδ`1{2q
“ H
pδ´1q{2
Ndpδ´1q{2
.
For each value of t the polynomial sF pX, Y q ´ pt is absolutely ir-
reducible by Lemma 2.2, thus by Lemma 2.1, the number of integral
solutions of (2.4) inside the box r´H,Hsˆr´H,Hs is at mostH1{d`op1q,
thus
N ď
ˆ
Hpδ´1q{2
Ndpδ´1q{2
˙
H1{d`op1q
which implies N ď H1{d`op1q as H Ñ8.
3. Proof of Theorem 1.3
3.1. Preliminaries. The proof of the theorem is based on the result
of Corvaja and Zannier [10, Corollary 2] in a form given by Karpinski,
Me´rai and Shparlinski [15].
Lemma 3.1. Assume that F pX, Y q P FprX, Y s is of degree degF “ d
and does not have the form
(3.1) αXmY n ` β or αXm ` βY n.
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For any multiplicative subgroups G,H Ă F˚p , we have
NF pG,Hq ! max
"
d2W
p
, d4{3W 1{3
*
,
where
W “ #G#H.
We need the following result on the non-vanishing of some resultant.
Lemma 3.2. Let F pX, Y q P FprX, Y s such that F pX, Y nq is irreducible
for all n ě 1 with local degrees dX , dY ě 1. Then there is a set E Ă F˚p
of cardinality #E ! pdXdY q2 such that for a P F˚pzE the resultant
RapU, V q “ ResX pF pX,Uq, F pX ` a, V qq
with respect to X, is not divisible by a polynomial of the form (3.1).
Proof. If RapU, V q is divisible by a polynomial of form (3.1), then the
variety
(3.2) F pX, Y mq “ 0 and F pX ` a, bY nq “ 0
has positive dimension for some b and some integers m,n.
If mn “ 0 the result is trivial. Replacing F pX, Y q by Y dY F pX, 1{Y q,
we can assume that m ą 0.
First assume, that n ą 0. As both polynomials are irreducible, they
are equal up to a constant factor α P F˚p :
F pX, Y mq “ αF pX ` a, bY nq
and thus m “ n. Write
F pX, Y q “
dYÿ
i“0
fipXqY i.
Let h be the maximal index such that fhpXq is not constant. Then
fhpXqY hm “ αfdY pX ` aqbhY hn,
so there are at most deg fhpXq ď dX choices for a and h ď dY choices
for b.
If n ă 0, then (3.2) is equivalent to
F pX, Y mq “ 0 and pbY nqdY F pX ` a, bY ´nq “ 0,
and we get in the same way as before that there are at most dX choices
for a and dY choices for b.
As m ď degU Ra ! dX and n ď degV Ra ! dY we get the result. 
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3.2. Concluding the proof. We now closely follow the proof of [15,
Lemma 5.1].
Denote N “ NF pI,Gq. Let I “ r´H,Hs. Then the system of
equations
F px, uq “ 0, F px` y, vq “ 0, x P I, y P I, u, v P G
has at least N2 solutions. Let Ny be the number of solutions with a
fixed y. Then ÿ
yPI
Ny ě N2.
Let
L “ N
2
2p2H ` 1q
and write
Y “ ty P I : Ny ą Lu.
Using that Ny ď d2YH we write
d2YH#Y ě
ÿ
yPI
NyąL
Ny ě N2 ´
ÿ
yPI
NyďL
Ny ě N2 ´ p2H ` 1qL ě 1
2
N2.
Let E as in Lemma 3.2. If #Y ď #E , then
N2 ď 2H#Y ! d2Xd4YH
so N ! dXd2Y
?
H . Thus we can assume, that #Y ě #Y . Then fix an
a P YzE and consider the system of equations
F px, uq “ 0 and F px` a, vq “ 0, x P I, u, v P G.
Then forRapU, V q “ ResX pF pX,Uq, F pX ` a, V qq, we have Rapu, vq “
0 for each solution u, v. By Lemma 3.2, RapU, V q is not divisible by a
polynomial of form (3.1), thus by Lemma 3.1 we have
L ă Na ď dXF#tpu, vq P G ˆ G : Rapu, vq “ 0u
! dX max
"
d2e2
p
, d4{3e2{3
*
as for a fixed u there are at most dX possible values for x. Recalling
the definition of L, we obtain
N ! d1{2X H1{2maxtdep´1{2, d2{3e1{3u,
which concludes the proof.
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4. Proof of Theorem 1.4
Consider a path tunu P ΠΨ,u and assume that ψj1, . . . ψjN is the
sequence of rational functions used to generate the first N elements
u1, . . . , uN as in (1.1). Let ψiν , . . . , ψi1 is the most frequent sequence of
rational functions among ψjn`ν´1, . . . , ψjn for n “ 0, . . . , N ´ ν, and let
N be the set of corresponding values of n.
Clearly, N is of cardinality at least
(4.1) #N ě N ´ ν
sν
.
Denote by ψ the composition
ψpXq “ ψiν p. . . pψi1pXqqq .
Since
N Ď r1, N ´ νs Ď r1, TΨ,u ´ νs,
the pairs pun, un`νq “ pun, ψpνqpunqq are all pairwise distinct for n P N
and belong of the square
rv ´ LΨ,upNq, v ` LΨ,upNqs ˆ rv ´ LΨ,upNq, v ` LΨ,upNqs.
Thus by Corollary 1.2 applied to the iteration ψpνq we have
N ď LΨ,upNq1{dν`op1q
as N Ñ8, and recalling (4.1) we conclude the proof.
5. Proof of Theorem 1.5
Let G be the group generated by tvun : n “ 0, . . . , Nu. We now
proceed as in the proof of Theorem 1.4 with ν “ 1. Namely, let ψ be
the most frequent function among ψjn for n “ 1, . . . , N ´ ν, and let N
be set of corresponding values of n.
Then pvun, vun`1q “ pvun, vψpunqq P G ˆ G for n P N thus by
Lemma 3.1 and (4.1) we have
N{s ! max
"
d2#G2
p
, d4{3#G2{3
*
and the result follows.
Acknowledgement
The research of L.M. was is supported by the Austrian Science Fund
(FWF): Project I1751-N26, and of I.S. was supported in part by the
Australian Research Council Grants DP170100786 and DP180100201.
12 L. ME´RAI AND I. E. SHPARLINSKI
References
[1] E. Bombieri, ‘On exponential sums in finite fields’, Amer. J. Math., 88 (1966),
71–105. (p. 2)
[2] E. Bombieri and J. Pila, ‘The number of integral points on arcs and ovals’,
Duke Math. J., 59 (1989), 337–357. (pp. 1 and 6)
[3] M.-C. Chang, ‘Polynomial iteration in characteristic p’, J. Functional Analysis ,
263 (2012), 3412–3421. (p. 4)
[4] M.-C. Chang, ‘Expansions of quadratic maps in prime fields’, Proc. Amer.
Math. Soc., 142 (2014), 85–92. (p. 4)
[5] M.-C. Chang, ‘Sparsity of the intersection of polynomial images of an interval’,
Acta Arith., 165 (2014), 243–249. (pp. 1 and 2)
[6] M.-C. Chang, J. Cilleruelo, M. Z. Garaev, J. Herna´ndez, I. E. Shparlinski
and A. Zumalaca´rregui, ‘Points on curves in small boxes and applications’,
Michigan Math. J., 63 (2014), 503–534. (pp. 1 and 2)
[7] J. Cilleruelo and M. Z. Garaev, ‘Concentration of points on two and three
dimensional modular hyperbolas and applications’, Geom. and Funct. Anal.,
21 (2011), 892–904. (pp. 1 and 2)
[8] J. Cilleruelo, M. Z. Garaev, A. Ostafe and I. E. Shparlinski, ‘On the concentra-
tion of points of polynomial maps and applications’, Math. Zeit., 272 (2012),
825–837. (pp. 1, 2, 4, and 5)
[9] J. Cilleruelo, I. E. Shparlinski and A. Zumalaca´rregui, ‘Isomorphism classes of
elliptic curves over a finite field in some thin families’, Math. Res. Letters , 19
(2012), 335–343. (pp. 1 and 2)
[10] P. Corvaja and U. Zannier, ‘Greatest common divisors of u´1, v´1 in positive
characteristic and rational points on curves over finite fields’, J. Eur. Math.
Soc., 15 (2013), 1927–1942. (pp. 3 and 8)
[11] D. Go´mez-Pe´rez and I. E. Shparlinski, ‘Subgroups generated by rational func-
tions in finite fields’, Monat. Math., 176 (2015), 241–253. (pp. 1, 4, and 5)
[12] A. Granville, I. E. Shparlinski and A. Zaharescu, ‘On the distribution of ra-
tional functions along a curve over Fp and residue races’, J. Number Theory,
112 (2005), 216–237. (p. 2)
[13] J. Gutierrez and I. E. Shparlinski, ‘Expansion of orbits of some dynamical
systems over finite fields’, Bul. Aust. Math. Soc., 82 (2010), 232–239. (p. 4)
[14] G. Ivanyos, M. Karpinski, M. Santha, N. Saxena and I. E. Shparlinski, ‘Poly-
nomial interpolation and identity testing from high powers over finite fields’,
Algorithmica, 80 (2018), 560–575. (pp. 1 and 4)
[15] M. Karpinski, L. Me´rai and I. E. Shparlinski, ‘Identity testing from high powers
of polynomials of large degree over finite fields’, Preprint , 2017, (available
from https://arxiv.org/abs/1708.09095). (pp. 1, 4, 8, and 10)
[16] B. Kerr, ‘Solutions to polynomial congruences in well shaped sets’, Bull. Aust.
Math. Soc., 88 (2013), 435–447. (pp. 1 and 2)
[17] I. E. Shparlinski, ‘Groups generated by iterations of polynomials over finite
fields’, Proc. Edinburgh Math. Soc., 59 (2016), 235–245. (pp. 1, 4, and 5)
[18] I. E. Shparlinski, ‘Polynomial values in small subgroups of finite fields’, Revista
Matem. Iber., 32 (2016), 1127–1136. (pp. 1, 4, and 5)
[19] H. T. Tang, ‘Gauss’ lemma’, Proc. Amer. Math. Soc., 35 (1972), 372–376.
(p. 6)
SPARSITY OF CURVES OVER FINITE FIELDS 13
[20] A. Zumalaca´rregui, ‘Concentration of points on modular quadratic forms’, Int.
J. Number Theory, 7 (2011), 1835–1839. (pp. 1 and 2)
L.M.: Johann Radon Institute for Computational and Applied Math-
ematics, Austrian Academy of Sciences and Institute of Financial
Mathematics and Applied Number Theory, Johannes Kepler Univer-
sity, Altenberger Straße 69, A-4040 Linz, Austria
E-mail address : laszlo.merai@oeaw.ac.at
I.E.S.: School of Mathematics and Statistics, University of New
South Wales. Sydney, NSW 2052, Australia
E-mail address : igor.shparlinski@unsw.edu.au
